Abstract. In this paper we prove the existence of global H 2 -solutions and energy decay of small amplitude of the Kirchho¤ type wave equation with linear localized dissipation and two types of boundary conditions in an exterior domain. Subsequently, we also consider the same problem with weakly nonlinear dissipation.
Introduction
In this paper, we first consider the following Kirchho¤ type wave equation with two types of boundary condition: where W is an exterior domain in R N with smooth boundary qW ¼ G 0 U G 1 ,
To state precise assumption on aðxÞ, we present a set of the boundary G 0 introduced by Russell [9] : Gðx 0 Þ ¼ fx A G 0 j ðx À x 0 Þ Á nðxÞ > 0g; where x 0 A R N and nðxÞ is the outward normal vector at x A qW. Note that this set is often used in control or stabilization theory for the wave equation in bounded domains (see Lions [3] ). Now, we give assumptions on aðxÞ and g as follows:
Hyp Hyp.B. The function g is in C 1 ðRÞ, strictly increasing, gð0Þ ¼ 0 and satisfies m a g 0 ðvÞ a M for some positive constants m and M.
Under the assumptions Hyp.A and Hyp.B, we prove the global existence and energy decay of small amplitude solutions for the problem (1.1). When W is a bounded domain in R N and G 0 is star-shaped, Lasiecka and
Ong [1] are devoted to the global existence and decay estimates to the initial boundary value problem (1.1) with aðxÞ ¼ 0. In [1] , gðvÞ is assumed to be a function like gðvÞ ¼ jvj r v, r b 0. We note that in the case of bounded domain, the boundary dissipation is su‰cient for the energy decay at a certain rate, and by use of this estimate, global existence of solution is proved for a small r > 0.
One of the di‰culty in the problem with Neumann boundary dissipation lies in the treatment of tangential derivatives on G 1 . On the other hand, when W is an exterior domain, Nakao and author [7] presented the results of decay estimate of energy EðtÞ and related ones for the linear wave equation: [7] is an extended result of Lasiecka and Triggiani [2] and Nakao [5] . In [2] , Lasiecka and Triggiani treated the case where W is a bounded domain and G 0 is star shaped. And in [5] , Nakao considered the exterior problem (1.2) for the case G 1 ¼ q.
For the Kirchho¤ type quasilinear wave equation it is natural to show the existence of H 2 -solutions, which means the solutions in the class Cð½0; yÞ; H 2 Þ V C 1 ð½0; yÞ; H 1 Þ V C 2 ð½0; yÞ; L 2 Þ or a little weaker space L y ð½0; yÞ; H 2 Þ V W 1; y Á ð½0; yÞ; H 1 Þ V W 2; y ð½0; yÞ; L 2 Þ. Our first purpose of this paper is to prove the global existence and energy decay of small amplitude H 2 -solutions for the Kirchho¤ type wave equation (1.1) under the assumptions Hyp.A and Hyp.B. To obtain our aim, we shall derive the a priori estimates
These a priori estimates are su‰cient for the desired global solution. For comparison with earlier works, we mention Yamada [10] and Mochizuki [4] . Yamada [10] devoted himself to the global existence of H 2 -solutions of problem (1.1) when W ¼ R N and aðxÞ ¼ l is a positive constant. Mochizuki [4] extended his result to the case of localized dissipation near infinity, that is, aðxÞ b e 0 > 0 for large jxj. Next, we consider the same problem with nonlinear dissipation: is weaker than the case of linear dissipation, but combining this with the L 2 -norm bound of u t , Nakao and author [6] have shown the global existence of H 2 -solutions for the Cauchy problem under the assumption 0 < k 0 a r 0 ðvÞ a
we considered the global existence of H 2 -solutions of the exterior problem (1.3) for the case G 1 ¼ q by combining the ideas in [6] and [5] . Here, using these ideas, we also discuss in brief the global existence and energy decay of small amplitude solutions for the problem (1.3). We note that due to the boundary condition on G 1 , our arguments become more complicate.
Statement of results
Without loss of generality we may assume 
Throughout this paper, we set
where bðtÞ ¼ ð1 þ k'uðtÞk 2 Þ:
Then our main results are as follows. 
where C is a constant independent of u,
Next, we turn to the problem (1.3). The assumptions on rðx; vÞ read as follows:
Hyp.C. rðx; vÞ is measurable in x A W for v A R, almost everywhere differentiable and nondecreasing function in v for a.e. x. Further, there exist x 0 A R N and a relatively open set o H W such that
where
Then we can obtain more or less weaker result for the problem (1.3). 
A basic inequality
The existence and uniqueness of local solution uðtÞ of (1.1) in X 2 ðT TÞ for ðu 0 ; u 1 Þ A V 1 is standard, see Lasiecka and Ong [1] . Here, we derive a basic di¤erential inequality for uðtÞ. First of all, we multiply the problem (1.1) by u t to obtain usual energy identity: Proposition 3.1. There exists constants e 1 > 0 and C > 0 such that
for any large k;
where we set
Proof. Multiplying the problem (1.1) by u t ; u; hðxÞu; fðjx À x 0 jÞ Á ðx À x 0 Þ Á 'u, and hðxÞ Á 'u, respectively, and combining the obtained results, then we have Proposition. In fact, the proof of this is not particularly di¤erent with the case of linear wave equation, see [7] . r Now we consider the following wave equation with some special boundary conditions:
where xðtÞ is a di¤erentiable and uniformly positive function, say xðtÞ b 1. As a by-product of (3.2) we can prove a unique continuation property of the problem (3.3) as follows: Proof. To begin with, we note that qu=qt ¼ 0 on G 1 because of the fact u ¼ 0 on G 1 . Di¤erentiate the equation (3.3) in t, then w ¼ u t satisfies the following problem:
It is easy to see that the solution w ¼ u t of the problem (3.4) can be applicable to the inequality (3.2) in place of u and we must add the terms jx 0 ðtÞj kwk kDuk þ jx 0 ðtÞj 2 kDuk 2 on the right hand side of corresponding inequality. Hence, using the assumption on x and the boundary conditions, we obtain
Using the fact that X 1 ðtÞ is equivalent to E 1 ðtÞ for large k > 0, we get
On the other hand, let E 1 ðt Ã Þ ¼ min 0ataT E 1 ðtÞ, 0 a t Ã a T, then we have from (3.4) that for 0 a t a T,
and so
We use the last inequality for t ¼ 0. Then, if d <ẽ e 1 =C 4 with some
, we can see that wðtÞ ¼ u t ðtÞ 1 0, and so the original problem (3.3) implies
Thus we conclude by boundary conditions uðx; tÞ 1 0 on W Â ½0; T : r
Energy decay
We continue the estimation of the local solutions u in X 2 ðT TÞ. Let e 2 , K > 0 and we assume for a moment
EðtÞ a e 2 and k'u t ðtÞk a Kð1 þ tÞ À1 ; 0 a t <T T: ð4:1Þ Now, we have to estimate the integrals
the right hand side of (3.2).
Proposition 4.1. Let u be a solution of (1.1). In addition to the assumption (4.1), we assume that Kk'uðtÞk a d ð4:2Þ
where C 0 ¼ C 0 ðT; K; e 2 Þ is a constant independent of u.
Proof. We can prove Proposition using contradiction method as in [7] and [1] . Assume that (4.3) does not hold, there would exist sequences of numbers ft n g and solutions fu n g, respectively, such that
where E n ðtÞ is defined by EðtÞ with u replaced by u n . Set l
Thus there exists a subsequence of v n ðtÞ (same symbol) such that v n ðtÞ con-
. By Rellich's lemma, we may assume that v n ðtÞ converges to vðtÞ strongly in
On the other hand, taking into account the assumption (4.1) and Ascoli-Arzela Theorem, there exists a subsequence u n ðtÞ (same symbol) such that lim n!y k'u n ðtÞk ! lðtÞ in Cð½0; T Þ:
Hence the limit function vðtÞ satisfies
Since
We also note that the assumptions (4.1)-(4.2) imply
jð'u n ðtÞ; 'u nt ðtÞÞj a 2Kk'u n ðtÞk a 2d:
Applying Corollary 3.1, we see that if T > T 0 ,
The fact (4.6) means that vðx; tÞ ¼ vðxÞ is independent of t. Thus by (4.
Combining them, we have the following inequality independent on T in the interval of integration, which is an essential tool in proving our argument.
Proposition 4.2. Let uðtÞ be a solution of (1.1). Under the assumptions (4.1) and (4.2), we have
EðsÞds; for any t b T 0 and 0 < e f 1, where C e is a constant independent of t and u.
Applying the inequality in Proposition 3.1 along with the ones in Proposition 4.1 and Proposition 4.2, respectively, we have the followings. 
with some constant C > 0 independent of t and u.
The second inequality (4.9) is proved by using (4.
Now, to control the tangential derivatives in the inequality (4.9), we use Lasiecka and Ong's result [1] . But they estimated the size of tangential derivative in bounded domain, so we have to restrict our problem to the ones in bounded domain. For this reason as in [7] , we take a function cðxÞ A C 1 ðWÞ such that cðxÞ ¼ 1 in a neighborhood of G 1 and cðxÞ ¼ 0 for jxj b L and wðx; tÞ ¼ cðxÞu. Then we have w tt À bðtÞDw ¼ ÀaðxÞw t À 2bðtÞ'cðxÞ Á 'u À bðtÞDcu 1 f ðx; tÞ in W L Â ½0; yÞ;
and we can use the following Lasiecka and Ong's result in bounded domain by the condition of c. 
where we set Q L; T; t ¼ W L Â ½t À T; t. The constants C; C e 0 in the above are independent of t and u.
Remark. In [1] , Lasiecka and Ong treated the size of the tangential derivative in G 1 Â ½d; t À d, d > 0, we apply their result for t b T > 0, t À T and T=4 in place of 0 and d, respectively.
It is easy to see that as in [7] ð
Reiterating the inequality (4.12) to t ¼ iT=2, i ¼ 2; 3; . . . ; 2n with nT a t < ðn þ 1ÞT, summing up the resulted inequalities and then combining with (4.13), we have
Using the interpolation theory, Proposition 4.2 and the boundary condition on G 1 , we get 
Estimates for the second order derivatives and proof of Theorem 2.1
To end the proof of Theorem 2.1 we remain to derive some estimates for the second order derivatives of a local solution uðtÞ satisfying (4.1). Note that w ¼ u t satisfies the following linear equation: 
First of all, we have the following energy identity
Applying the usual multiplier method as section 3, we get
Also we treat integral Ðõ oVW jwðtÞj 2 dx þ Ð 
where C ¼ CðT; K; e 2 Þ is a constant independent of u.
Reiterating the argument obtaining (4.8) and (4.9), we can derive for su‰ciently small e > 0 
Applying Proposition 4.4 to w ¼ u t in place of u and reiterating the argument obtaining (4.17), we get the following inequality
To estimate the integrals in the right hand side of (5.7), we assume for a moment Proof. Using (5.7), (5.10) and (5.2), we easily obtain (5.11) and (5.12). Next, from (5.12), the assumption on g and boundary condition, we have
þ qðK; Eð0ÞÞ: ð5:14Þ Thus (5.11), (5.12) and (5.14) imply
Eð0Þ þ CX 1 ð0Þ þ qðK; Eð0ÞÞ 1 q 0 ðK; E 1 ð0Þ; Eð0ÞÞ: r Note that lim Eð0Þ; E 1 ð0Þ!0 q 0 ðK; E 1 ð0Þ; Eð0ÞÞ ¼ 0.
Next we shall show
Integrating the above inequality, (5.11) implies ð1 þ tÞE 1 ðtÞ þ
Substitute ffiffiffiffiffiffiffiffiffiffi ffi 1 þ s p w in replace of w in Proposition 5.1, we can get from (5.16),
We multiply (5.5) by ð1 þ t þ TÞ, we can show for any t b 0,
We note that
So we can apply (4.14) to ffiffiffiffiffiffiffiffiffiffi ffi 1 þ s p w in place of u, then we have for t b T,
From the equivalence relation of X 1 ðtÞ and E 1 ðtÞ þ kwðtÞk 2 , if nT a t < ðn þ 1ÞT, we see for all t > 0. Now, we can obtain the decay of E 1 ðtÞ, which is the final step of a priori estimates.
Proposition 5.3. We have under the assumption (5.8) 
Moreover, we have
a CðX 1 ð0Þ þ E 1 ð0Þ þ qðK; Eð0ÞÞ þ Cq 0 ðK; E 1 ð0Þ; Eð0ÞÞ
Finally, we note that
These estimates show that the assumption (5.8) is true as long as this solution exists and the local solution uðtÞ can be continued, in fact, on the half interval ½0; yÞ. This completes the proof of Theorem 2.1.
Proof of Theorem 2.2
In this section, we consider the problem (1.3). The existence and uniqueness of local solution uðtÞ of (1.3) in X 2 ðT TÞ for ðu 0 ; u 1 Þ A V 1 is standard, see Lasiecka and Ong [1] . Here, we derive a basic di¤erential inequality for uðtÞ. First, we have the following energy identity
Now, we di¤erentiate the problem (1.3) with respect to t to linearize it, then w ¼ u t satisfies the following equation; 
Moreover, the following energy identity holds:
Note that since r v a k 1 < y for all t b 0 and r v b e 0 on B c L U o, it is not di¤erent particularly up to the estimates (5.7), we have only to replace aðxÞ by r v . Thus we consider the argument proving (5.7) repeatedly, then
Now, consider the integrals in the right hand side of (6.4). Let e 2 > 0, K > 0 and we assume for a moment Using the above facts (6.14), (6.15) and (6.12), we get Finally, kuðtÞk is estimated as usual. Thus as section 5, we conclude that the local solution uðtÞ can be continued on the half interval ½0; yÞ. This completes the proof of Theorem 2.2.
